Practice Final Exam
Math 214
(the actual final will be a little shorter)

1.(20 pts) Test the series for convergence or divergence
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Solution.

The nth-term test for divergence.



2.(10 pts)

3.(10 pts)
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Determine whether the series is absolutely convergent, conditionally
convergent, or divergent.
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Solution.
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Z(—l)”’1 is an alternating series. w, = is a decreasing
—~ nlnn nlnn

sequence whose limit is zero. Therefore the series is convergent by the
alternating series test.

Now consider
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Let f(x) = o Clearly, f is continuous, positive, decreasing func-

tion on [2,00). Use the integral test.
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Therefore, >, |a,| is divergent.

So, the original series is conditionally convergent.

Find the radius of convergence and interval of convergence of the series
(0.9}
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Solution.

We will use the ratio test.
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The series converges if the latter limit is less than 1. That is,

|z + 1| < 3,



4.(10 pts)

which means that —3 < x+ 1 < 3 or © € (—4,2). Thus, the radius of
convergence equals R = 3.

Now test the endpoints of the interval (—4,2).
If x = —4, then the series becomes
= n 3"

n=

The latter is an alternating series. It converges by the alternating series
test, since u,, = 1//n is a decreasing sequence tending to zero.

If x = 2, then the series becomes

o0 n o0 1

This is a p-series with p = 1/3. Thus, divergent.

Therefore, the interval of convergence of the original power series is
[—4,2).

Find the Taylor series for the function f(z) = 272 at = = 1.
Solution.

The Taylor series for a function f centered at x = 1 is given by

. fn)
Z / n'(1> (x —1)™

Therefore, we need to compute the derivatives of all orders of the given
function at = = 1.

F () = (=2)(=3)(=4) - - (=n)(=n—1)z " = (=1)"(n+ 1)l 272,
Thus, for all n > 0,

™) = (=1)"(n+ 1)

The Taylor series becomes

i x—l i "(n+1)(xz—1)"



5.(20 pts) a) Find the slope of the tangent line to the curve r = 1 + cosf at the

6.(10 pts)

point where 6 = 7/2.

b) Find the area of the region that lies inside the curve r = 1 + cos @
and outside the curve r = 1.

Solution.

a) Using the relation between polar and Cartesian coordinates
x=rcosf, y=rsinb,

we get
x = (1+ cosf)cosf = cosf + cos? b,
y = (14 cosf)sinf = sinf + cos @ sin b.

Now differentiate with respect to 6.

d
d—z:—sine—QCOSQSmH,
d
d_g = cos f — sin® § + cos? 6.
The slope is given by
dy &y  cosf — sin® @ + cos? §
dr dr ~ —sinf —2cosfsinb

Now substitute the given value § = /2.

dy
=1
dx le=0

Find the length of the curve r = cos®(0/3), 0 < 0 < /4.

Solution.

w/4
L= /0 \/cos6(0/3) + (-3 sin(@/B)% cos?(0/3))2df

/4
_ /0 \cos5(0/3) + sin(8/3) cos*(0/3)d6

/4
- /0 cos?(0/3)/sin?(0/3) + cos?(9/3)d0

/4 w/4
_ /O cos?(6/3)d6 = /0 (1 + cos(20/3))d6

w/4
.= g +%sin(7r/6) = ng.

1 3 .
_ 5(9 + 3 3111(20/3))‘



7.(30 pts) a) Find the area of the triangle with vertices P;(2,—1,3), P(4,0,3),
and Ps3(3,—-2,4).

b) Find an equation of the plane passing through these points.

c¢) Find parametric equations of the line passing through P; and per-
pendicular to the plane in part (b).

Solution.
— —
a) P1P2 = <2, 1,0), P1P3 = <1, —1, 1>

o

P1P2XP1P3: 2
1 —

— = e

k
0|=1i-2j- 3k
1

PP, x P P5| = V14,
The area of the triangle: %\P—Cj X P—}%| =/14/2.
b) The plane passing through these points is
(x—2)—2(y+1)—3(z—3)=0,
r—2y—32+5=0.

c¢) The line is

r =241,
y=—1-—2t, teR.
z =3 — 3t,

8.(10 pts) Find the vector projection of b = (6,2, —4) onto a = (2, —1, —2) and
the scalar component of b in the direction of a.

Solution.
b 18
Vector projection: proj,b = TT a= 3(2i —j—2k) =4i—2j — 4k.
a
-b 18
Scalar component: an_ 2 6.
a3

9.(10 pts) Find the angle between the planes z+y+3 = 0 and z+2y+2z—1 = 0.
Solution.
The angle between the planes is the (acute) angle between their nor-

mals: ny =i+ j, ny =i+ 2j+ 2k.

n; - 1o 3 1

| o V23 V2

cosf =

Therefore, § = /4.



10.(10 pts) Find the distance from the point P(2,—1,1) to the plane
3r+y—952+1=0.

Solution.
B2+ 1-(-1)=5-1+1 1
V32 + 12 + (=5)2 V35

11.(10 pts) Find parametric equations for the line that is tangent to the curve
r(t) =In(l+t)i+ (1 +1¢)j—sintk at t = 0.

Solution.

D

r(0) =,
dr 1
— = i+j— tk
7 1—|—t1+’] costk,
dr
—(0)=i+j—k.
(0 =i+]
Tangent line:
r = T,
y = 147, —00 < T < 00.
z = -7,

12.(10 pts) Find the length of the curve
r(t) = (sint — tcost)i+ (cost + tsint)j+t* k, 0 < ¢ < 1.

Solution.
dr e . . .
V== (cost — cost +tsint)i+ (—sint +sint + t cost)j + 2tk

= tsinti+ tcostj + 2tk

lv| = V2sin?t + 2 cos? t + 42

= V52 =5t

1 1
L:/ |v|dt=\/3/ tdt:£t2‘é:\/—g.



13.(10 pts) Find the curvature of the curve r(t) = (sint—t cost)i+(cos t+t sint)j+k
at the point where t = 2.

Solution.
dr

V== (cost —cost +tsint)i+ (—sint +sint + t cost)j

= tsinti+ ¢ costj

lv| = V2sin?t + 2 cos? t = t.
1 - .
T = mv = sint1 + cost]
v

dT o sin
— =costi —s
oy intj

‘ coth+sm t=1

1 dT 1

AR
1

2) = —.

K(2) = 5

14.(10 pts) Find the limit or show that the limit does not exist.
2
lim ;EL
(@.y)—(0,0) T2 + 1
Solution.

Use sandwich theorem.

2
Ty
OS $2+y2

Since |z| — 0, as (z,y) — (0,0), we get

. xy?
lim ———
(2.9)—(0,0) T + Y
15.(10 pts) Find the derivative of the function
flz oy, 2) =2 —2azy+ a2+ 22 +22 —y

at Py(1,1,1) in the direction of v = 2i —2j+k. In what direction is the
derivative of f at Py maximal? Find the derivative in this direction.



Solution. Since v is not unit, we will find a unit vector in the direction

of v.
v 2, 2, n 1k
u=—=-i—-j+ -k
v 3 373
Vi=02z—-2y+2z+2)i+ (22— 1)j+ (z + 22)k,
Vf‘ _ 3i—3j+3k.
(1,1,1)
Therefore,
Duf)| =V u=5
(Duf) (1,1,1) / (1,1,1) "
The derivative is maximal in the direction of V f| | which is
Py
1 1 1
—i-—j+—=%k

V3 V3T V3
P=3\/§.

The derivative in this direction is |V f|

16.(10 pts) Find an equation of the tangent plane to the surface x*+3y*+22% = 12
at the point Py(1,1,2).

Solution.
Let f(z,y,2) = 2* + 3y®> + 22 — 12 = 0. Then

Vf=2zi+6yj+4zk

Vi =2i+t6j+8k
Py

The tangent plane is given by the equation:
2 —1)+6(y—1)+8(z—2) =0,
20+ 6y + 82 — 24 = 0.

17.(10 pts) Find all the local maxima, local minima, and saddle points of the func-

tion
fla,y) = 4a® — 2® + o + 22y,
Solution.
fe=8x—32"+2y=0
fy=2y+2x=0
From the second equation, y = —z. Substitute this into the first equa-
tion.

6z — 322 =0,



3x(2—x) =0,
r=0o0rz=2.
We get two critical points (0,0) and (2, —2).
Now find D = frufyy — f2,
for =8—6x,  f,=2,  fo=2.
So, D= (8 — 62)2 — 4 = —12z + 12.
Point (0,0): D‘(o,o) =12 >0, fuz 00) = 8 > 0. Local minimum at
(0,0). f(0,0) =0.
PohﬂJ(2,—2):l)hZ_m::<—12 < 0. Saddle point at (2, —2).

18.(10 pts) Find the absolute maximum and minimum values of the function f(z,y) =
2% + 2y + y? — 62 on the rectangular region 0 <z <5, —3 <y < 3.

Solution.

First find the critical points.
f=22+y—6=0

fy=2+2y=0
We get © = —2y, then

—4y+y—-6=0,
y:_2a
Tz = 4.

The point (4, —2) belongs to the rectangle. f(4,—2) = 16—8+44—24 =
—12.

Now consider the sides of the rectangle.

z=0-3<y<3.

£0,y) = y*.
Critical point at y = 0. So, we get the point (0,0). f(0,0) = 0.
Endpoints of this side: (0, —3) and (0, 3). f(0,-3) =9, f(0,3) = 9.

ii)y=30<xz<5.
f(z,3) =2® — 3z +09.

L (z* — 3z +9) = 22 — 3. Critical point at = 3/2. So, we get the

point (3/2,3). f(3/2,3) = 9/4. Endpoints of this side: (0, 3) and (5, 3).
f(5,3) =19, the value at the other endpoint was computed above.



i) 2 =5, —3 <y <3
f5y) =y*+5y—5.

j‘;(y2+5y—5) = 2y+5. Critical point at y = —5/2. So, we get the point
(5,=5/2). f(5,—=5/2) = —45/4. Endpoints of this side: (5,—3) and
(5,3). f(5,—3) = -11, the value at the other endpoint was computed
above.

iv)y=-3,0<x <5,
f(x,—3) =2 -9z +9.

4 (32 — 9r +9) = 2z — 9. Critical point at z = 9/2. So, we get the

dz
point (9/2,3). f(9/2,3) = —45/4. Endpoints of this side: (0,3) and
(5,3). The values at the endpoints were computed above.

Now analyze all the candidates. The absolute maximum is 19, achieved
at (5,3). The absolute minimum is -12, achieved at (4, —2).

19.(10 pts) Find the maximum and minimum values of f(x,y) = 2% + y? subject
to the constraint 2 + zy + % = 1.

Solution.

fo=2x,  fy=2
g(z,y) =" +ay +y° — 1,
gz = 22 + v, gy + 2y
Then Vf = AVg gives

2 = A2z + )

2y = ANz + 2y)
From the 1st equation,

20(1 —X) = Ay

So, y = 2:10%. Put this into the second equation.

1—A

4
S\

= Az +4z(1 - \)

4r(1 — ) = N2+ 4z(1 — M)A
41— X)) =X —4(1—-X)A =0
=0 or 3X\—-8\+4=0

>\:20r2
3

If x = 0, then y = 0 as well, but (0,0) does not satisfy 2% +xzy+y? = 1.



Now consider A = 2. Then y = —z. Putting into 2% + zy + vy = 1, we

see

2?4t =1

So x = £1, and and since y = —z, we get the points (1,—1), (=1, 1).
F(1,-1) =2, f(—-1,1) = 2.
Now consider A = 2/3. Then y = z. Putting into 2% + 2y +¢y* = 1, we

see
244+ =1

So x = +1/+/3, and and since y = x, we get the points (1/v/3,1/v/3),
(—1/V3.~1/v3)
FOUV3.1/V3) =2/3, f(=1/V3,-1/V3) = 2/3.
So, the minimum of f is 2/3, achieved at (1/v/3,1/+/3) and (—1/v/3, —1/V/3).
The maximum of f is 2, achieved at (1,—1) and (—1,1).

20.(10 pts) (BONUS) A function f(z,y) is homogeneous of degree n (n a non-

negative integer) if f(tz,ty) = t" f(x,y) for all ¢, z, and y. For such a
function (sufficiently differentiable), prove that

of  of

Yo TV, = nf(z,y).

Solution.

Differentiate f(tz,ty) = t" f(x,y) with respect to t.

folte ty)x + fy(te, ty)y = nt" ' f(z,y).

Now set t = 1.



